
Exercise 2.
10

Let 143q10.

(a) Denote by p the finde dimensional rector space IR" equipped with

the norm 11(21 .....Xallip = (1x++xup Show that the norms Ill
and 11llq are equivalent on IR"

(b) Show that Ip < lg, but lg is not a subset of tp.

Proof of (a) : All the norms on a finite divensional space
are equivalent.

Proof of (b) : (2) g = 0·
· Pick any xElp.

Then
=> (xx* + o as k=

=> IK) is bounded

=> Xelo

· Put Xp = 1. Then xElo but xelp for any pro.

(i)q0
· Pick any Xelp.

Then10.
Thus I

P
-> 0 as k+0.

Then E NEW such that I ** 1 for > N.

Thus 141
*>In for R N



Therefore,=
+
*

· Put Xn=k with ParCq.

Then
butX

A

Exercise 3 .4

Let X and Y be normed spaces. If X is a non-zero rector
in X,

and yeY, show that there exists a bounded linear map T such
that

TM= Y

Proof : Let X= span(x) and fixx) = 2 for all axEX.

By Hahn-Banach Theorem
,

there exists a bounded

finear function F on X such that I/FI = 1/fll.

Define T : X -> Y by T1z) = Fizzy for all zEX.

Then TCx = Fixsy = fixy = y.
And 11 Tzill = 1/ F(zsIIIIyll - / Fll /I y////z1) = III/II yIII//

= 111 .
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Exercise 3
.
6

Let X
,
Y be normed spaces .

Show that of G(X , Y) is Banach,

then Y is Banach.

Proof : Pick any Canchy sequence (yn) EY.

Fix XEX with 11x11 = 1

By Ex3
. 4
,
there exists TnEd(X , Y) such that

Tn(x) = Yn and I/Tull-PIyull.

Similarly , Ilin-Trll -> Ilyn-yull.
Thus (Th)EL(X ,

Y) is a danchy sequence.

Since LIX
, Y1 is Banach

,

I TELIX , YI

such that llin-illto as new .

But y = T(x)

Then 11yn-y11 = 11 incxs-Texel

-// in-TIIIIII

= /lin-TIl to as nto.

Hence
,
Y is a Banach space.
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